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Abstract 

In this paper we develop a strategy and some technical tools for 
proving the Andre-Oort conjecture. We give lower bounds for the 
degrees of Galois orbits of geometric components of special subvarieties 
of Shimura varieties, assuming the Generalised Riemann Hypothesis. 
We proceed to show that sequences of special subvarieties whose Galois 
orbits have bounded degrees are equidistributed in a suitable sense. 
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1 Introduction. 



The main motivation for this paper is the Andre-Oort conjecture stated be- 
low. 

Conjecture 1.1 (Andre-Oort) Let S be a Shimura variety and let S be a 
set of special points in S. Every irreducible component of the Zariski closure 
ofT, is a special subvariety of S. 

Some authors use the terminology 'subvarieties of Hodge type' instead of 
'special subvarieties'. The two terms refer to the same notion. There are two 
main approaches to this conjecture which proved fruitful in some cases. One, 
due to Edixhoven and Yafaev (see [H] and [25]), relies on the Galois properties 
of special points and geometric properties of images of subvarieties of Shimura 
varieties by Hecke correspondences. The other, due to Clozel and Ullmo 
(see [3]), aims at proving that certain sequences of special subvarieties are 
equidistributed in a certain sense. This approach uses some deep theorems 
from ergodic theory. The purpose of this paper is to explain how to combine 
these two approaches in order to obtain a strategy for proving the Andre-Oort 
conjecture in full generality and to provide essential ingredients to apply this 
strategy. The strategy and the results of this paper are subsequently used 
in [12] by Klingler and Yafaev to prove the Andre-Oort conjecture assuming 
the Generalised Riemann Hypothesis (GRH). 

To explain the alternative, we need to introduce some terminology. Let S 
be a connected component of a Shimura variety. There is a Shimura datum 
(G, X) and a compact open subgroup K of G(Af) such that S is a connected 
component of 

Sh K (G, X) := G(Q)\X x G(A f )/K. 

For the purpose of proving the conjecture we may and do assume that 
S is the image of X + x {1} in Sh. k{G, X) (where X + is a fixed connected 
component of X). A special subvariety Z of S is associated to a Shimura 
subdatum (H,X H ) of (G,X). More precisely, Z is an irreducible component 
of the image of Sh KnH ( Af )(H, X H ) in Sh K (G,X) contained in S. We are 
assuming that H is the generic Mumford-Tate group on Xh- 

Let E be some number field over which S admits a canonical model. Let 
Z be a special subvariety of S associated to (H, Xh) as above. 

By the degree of the Galois orbit of Z, denoted deg(Gal(Q/£') ■ Z), we 
mean the degree of the subvariety Gal(Q/ E) ■ Z calculated with respect to the 
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natural ample line bundle on the Baily-Borel compactification of Sh^ {G, X). 
If Z is a special point, then deg(Gal(Q/.E) • Z) is simply the number of 
Gal(Q/£)-conjugates of Z. 

The "philosophy" of this paper is the following alternative. Let (Z n ) n€N 
be a sequence of special subvarieties of S. After possibly replacing (Z n ) 
by a subsequence and assuming the GRH for CM-fields, at least one of the 
following cases occurs. 

1. The sequence deg(Gal(Q/£') ■ Z n ) tends to infinity as n — )■ oo (and 
therefore Galois-theoretic and geometric techniques can be used). 

2. The sequence of probability measures (fi n ) canonically attached to (Z n ) 
weakly converges to some fiz, the probability measure canonically at- 
tached to a special subvariety Z of 5*. Moreover, for every n large 
enough, Z n is contained in Z. In other words, the sequence (Z n ) is 
equidistributed with respect to (Z,fiz)- 

Which of the two cases occurs depends on the geometric nature of the 
subvarieties Z n . Let us explain this in more detail. 

A special subvariety Z associated to a Shimura datum (H, X H ) as before 
(in particular H is the generic Mumford-Tate on Xh) is called strongly special 
(see [3]) if the image of the group H in the adjoint group G ad is semisimple. 
Note that the condition (b) in the definition of "strongly special" ([3], 4.1) is 
in fact implied by the first (see [21] Rem. 3.9, or the proof of the theorem 13.81 
of this paper). Clozel and Ullmo proved in [3] that if the subvarieties Z n are 
strongly special then the second case of the alternative occurs. This result is 
unconditional. 

On the other extreme, if if is a torus, then Z is a special point. If (Z n ) 
is a sequence of special points, then the first case of the alternative occurs 
(and the second in general does not: a sequence of special points is usually 
not equidistributed). This uses the GRH but we believe that one might be 
able to get rid of this assumption. We also prove the equidistribution result 
unconditionally in the case where the subvarieties Z n satisfy an additional 
assumption. In the paper [25] , lower bounds for Galois orbits of special points 
are given and used to prove the Andre-Oort conjecture for curves. However, 
these bounds are not strong enough to prove that they are unbounded for a 
general infinite sequence of special points. 

The first thing we do in this paper is to give lower bounds for the degree of 
Galois orbits of special subvarieties which are not strongly special (Theorem 
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I2.19p . In the special case where if is a torus, we can show that given an 
infinite set E of special points, the size of the Galois orbit of the point x is 
unbounded as x ranges through S. This result is explained in the corollary 
13.121 Lower bounds obtained in [25] do not allow to prove such a statement. 

We now explain our lower bounds in detail. Let N be an integer. Let H 
be the generic Mumford-Tate group on Xjj and let T be its connected centre. 
Suppose that T is a non-trivial torus. Let L T be the splitting field of T. Let 
K™ be the maximal compact open subgroup of T(A/). Note that K™ is a 
product of maximal compact open subgroups K™ of T(Q P ) for all primes 
p. Let Kt be the compact open subgroup T(A/) fl K of T(A/). We assume 
that K is a product of compact open subgroups K p of G(Q P ) in which case 
K T is also a product of compact open subgroups K TtP of T(Q p ). Let Z be a 
component of the image of Sh.H(A f )nK(H, Xh) in S. 

We show (thm. 12. 19j) . assuming the GRH, that there is a positive constant 
B (independent of Z and N) 

deg(Gal(Q/£) . Z ) > J] max(l, B\K™ p /K T}P \) logfldisc^)!)*. 

{p:K? p jtK T , p } 

We also obtain similar lower bounds for the degree of the Galois orbit 
of a Hodge generic irreducible sub variety Y of Z defined over Q when Y 
moreover satisfies a technical property (see thm. I2.19p . This result will play 
no role in this paper but will be useful in the forthcoming paper by Klingler 
and Yafaev [12J. 

The next task we carry out is the analysis of the conditions, under which 
a given sequence of special subvarieties Z n is such that deg(Gal(Q/£') ■ Z n ) is 
bounded. We translate this condition into explicit conditions on the Shimura 
data defining the subvarieties Z n . We introduce the notion of a T-special 
subvariety. Suppose that G is semisimple of adjoint type and fix a subtorus 
T of G such that T(R) is compact. A T-Shimura subdatum (H,Xh) of 
(G, X) is a Shimura subdatum such that T = Z(H)° is the connected centre 
of H. A T-special subvariety is a special subvariety defined by a T-special 
Shimura subdatum. Fix an integer M. We show (thm. 13.101) . assuming 
the GRH, that there is a finite set {Ti, . . . ,T r } of subtori of G such that 
any special subvariety Z with deg(Gal(Q/T') ■ Z) < M is T-special for some 
i = 1, . . . , r. This result crucially relies on a result of Gille and Moret-Bailly 

Finally, using the ergodic methods of [3J, we prove that if the degree of 
Gal(Q/TJ) • Z n is bounded (when n varies), then the second case of the alter- 
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native occurs. We actually show (thm. 13. Sj) that, for a fixed T, a sequence 
of T- special subvarieties is equidistributed in the sense explained above. 

The alternative explained above is used in the forthcoming paper by Klin- 
gler and the second author [12] to prove the following theorem which is the 
most general result on the Andre-Oort conjecture obtained so far. 

Theorem 1.2 Let (G,X) be a Shimura datum and K a compact open sub- 
group of G(Af). Let E be a set of special points in Sh K (G, X) . We make 
one of the two following assumptions: 

1. Assume the Generalised Riemann Hypothesis (GRH) for CM fields. 

2. Assume that there exists a faithful representation G °->- GL n such that 
with respect to this representation, the Mumford-Tate groups MT(s) lie 
in one GL n (Q) -conjugacy class as s ranges through S. 

Then every irreducible component of the Zariski closure of £ in Shx(G, X) 
is a special subvariety. 

Klingler and Yafaev started working together on this conjecture in 2003 
trying to generalise the Edixhoven- Yafaev strategy to the general case of the 
Andre-Oort conjecture. In the process two main difficulties occurred. One 
is the question of irreducibility of transforms of subvarieties under Hecke 
correspondences. This problem is dealt with in the forthcoming paper by 
Klingler and Yafaev, this allows to treat the cases where the first case of the 
alternative explained above occurs. 

The other difficulty was dealing with sets of special subvarieties which are 
defined over number fields of bounded degree. We overcome this difficulty in 
the present paper. In fact, we show that this is precisely when the second case 
of the alternative occurs. This strategy : a combination of Galois theoretic 
and ergodic techniques was discovered by the authors of this paper while the 
second author was visiting the University of Paris- Sud in January- February 
2005. We tested our strategy on the case of subvarieties of a product of 
modular curves (see |22j). 
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2 Degrees of Galois orbits of special subvari- 
eties. 

In this section we give lower bounds for the degrees of the Galois orbits of 
special subvarieties that are not strongly special (actually we prove a more 
general statement as explained in the introduction). 

2.1 Preliminaries on special subvarieties and reciprocity 
morphisms. 

We start by recalling some facts about special subvarieties, reciprocity mor- 
phisms and the Galois action on the geometric components of Shimura va- 
rieties. If Z is a topological space, we denote by n (Z) the set of connected 
components of Z. 

Let (G, X) be a Shimura datum. We fix a faithful representation of G 
which allows us to view G as a closed subgroup of some GL n . Let K be a 
compact open subgroup of G(Af) which is contained in GL n (Z). We also 
assume that K is a product of compact open subgroups K p of G(Q P ). 

Let (H,X H ) be a Shimura subdatum of (G,X). We suppose that H is 
not semisimple (its connected centre is non-trivial). Let T be the connected 
centre of H, so that T is a non-trivial torus and H is an almost direct product 
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TH r 

Let K H be the compact open subgroup H(Af) D K of H(Af). We first 
describe the Galois action on the set of components of Sh.K H {H, Xh)- We 
refer to the sections 2.4-2.6 of [5] for details and proofs. We denote by H(M) + 
the stabiliser of a connected component of Xh in H(M) and H(Q) + = if (Q)fl 
H(R) + . Let n (H, K H ) be the set of geometric components of Sh KlI (H, X H ). 
Recall (0 2.1.3.1) that 

7t (H,K H ) = H(Q) + \H(A f )/K H = H(A f )/H(Q) + K H . 

Let E H := E(H, X H ) be the reflex field of (if, X H ) and T Eh := ResE H /Q& m E H - 
Following Deligne ([5] 2.0.15.1) we define for any reductive Q-group N 

n(N) := N(A)/N(Q)p(N(A)). 

Here p: N — > N dev denotes the universal covering of iV der . Notice that 
7ro(7r(iV)) is an abelian group with a natural action of the abelian group 
vr (iV(R) + ). Let 

m(7t(N)) := n (n(N))/n (N(R) + ). 
Then by ([5] 2.1.3.2) we have 

na(H,K H )=7^(n(H))/K H . 

The action of Gal(Q/ Eh) on tto{H, Kh) is given by the reciprocity mor- 
phism Q5j 2.6.1.1) 

r {H ,x H y. Gal(Q/S H ) —>no(ir(H)). 

The morphism T(h,x h ) factors through Gal(Q/i?//) ab which is identified via 
the global class field theory with 7i (ti(T Eh )). 

Let C be the torus H/H der . To (H, Xh) one associates two Shimura data 
(C, {x}) and (H ad , X H ^)- The field E H is the composite of E(C, {x}) and 
E(H a,d , X H b.a) by the proposition 3.8 of p[j. There are morphisms of Shimura 
data 

fl ab : (if, X H ) — ► (C, {x}) and ad : (ii, X H ) — > (ii ad , X Had ). (1) 

Note that (C, {s}) is a Shimura datum. Let r(c 5 { x }) be the reciprocity mor- 
phism associated with (C,{x}). Then rrc,{x}) is induced from a morphism 
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of algebraic tori rc ■ Tp — > C. The morphism 6 induces a morphism 
7fo(ii(H)) — > Wo(ii(C)). This morphism preceded by r^n,x H ) is r(c,{x})- 

It is convenient and sometimes essential to make the assumption that H 
is the generic Mumford-Tate group on Xh- Below we prove a lemma which 
will allow us to make this assumption. Let X + be a connected component of 
X and G(Q)+ the stabiliser of X + in G(Q). Let T := G(Q)+ H K and S be 
the component of Sh^iG, X). Note that S is the image of X + x {1} 

inSh x (G,X). 

Lemma 2.1 Let V 6e a special subvariety of S . There exists a Shimura 
subdatum (H,Xjj) of (G,X) such that H is the generic Mumford-Tate group 
on Xh and V is the image of a connected component of Shpcr\H(A f )(H, Xh) 
in Sh K (G, X) by the natural map induced by the inclusion (H,X H ) C (G,X) 
(we emphasize here that no Hecke correspondence is involved). 

There exists a connected component X^ of Xh contained in X + such that 

V is the image of X^ x {1} in Sh^-(G, X). 

Proof. Let v G V C S be a Hodge generic point of V and x G X + mapping 
to v. Let H be the Mumford-Tate group of x, Xh '■= H(M).x and X^ : = 
H(M.) + .x. Then (H,Xh) is a Shimura subdatum of (G,X) (see for example 
[2T] . Lemme 3.3). Therefore the image V of X H x {1} in Sh^(G, X) is a 
special subvariety containing v. As v is Hodge generic in V, it follows that 

V is the smallest special subvariety of S\ik{G, X) containing v. Therefore 

V C V . As V and V are irreducible and have the same dimension dim(X^) 
we have V — V . 

□ 

In view of this lemma, for the rest of this section, we only consider 
Shimura subdata (H, Xh) C (G, X) such that H is the generic Mumford-Tate 
group on Xh- In particular we will assume that G is the generic Mumford- 
Tate group on X . 

Lemma 2.2 Suppose that the centre Z(G)(M) is compact. Let (H,Xh) and 
K H be as above, with H being the generic Mumford-Tate group on X H - Let 
f: ShK H {H, Xh) — > Shx{G, X) be the morphism induced by the inclusion 
(H, Xh) into (G,X). 
The restrictions of 

f: Sh KH (H,X H ) — ► f(Sh Ka (H,X H )) 
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to the irreducible components of Shx H (H, Xh) are generically finite. More- 
over the degrees of the restrictions of f to the irreducible components of 
Sh.K H (H, Xh) are uniformly bounded when (H,Xh) varies. Furthermore, if 
K is neat, then f is generically injective and the restriction of f to the Hodge 
generic locus is injective. See (JM/ sec. 17.1) for a definition of a neat sub- 
group of G(Q) and (\T7j sec. 0.6) for the definition of a neat compact open 
subgroup ofG(Af). In particular, the number of irreducible components of 
Sh.K H (H, Xh) is, up to a uniform (on (H,Xh) ) constant, bounded by the 
number of irreducible components of its image in Shjc(G, X). 

Remark 2.3 The assumption that Z(G)(R) is compact implies that the sta- 
biliser in G(R) of any point x G X is compact. As a consequence, for any 
Shimura subdatum (H,Xjj) of(G,X), the centre Z(H)(M.) is compact. This 
is in particular the case when G is semisimple of adjoint type. 

Indeed, let x G X . By the general theory of symmetric spaces the sta- 
biliser of x in G(M) is compact modulo Z(G)(M). By assumption, Z(G)(M) 
is compact, therefore the stabiliser of x in G(M) is compact. 

Let (H,Xjj) be a Shimura subdatum of (G,X). Let xh G Xjj. Then 
Z(H)(M) is contained in the stabiliser of xh in G(R). Hence Z(H)(M.) is 
compact. 

Proof. First note that it suffices to prove that the morphism / is generically 
injective when K is neat. Indeed, any compact open subgroup K of G(Af) 
contains a neat compact open subgroup K' of finite index (see [17] sec. 0.6). 
Using the generic injectivity of Shj^ (H, Xjj) — > $h.K'(G, X), one easily 
sees that the degrees of the restrictions of / to the irreducible components 
of S\ik h (H, Xh) are bounded by the index of K' in K. 

Suppose that K is neat. Let (xi,hi) and (x2, h 2 ) be two points of 
Sh.K H {H, Xh) having the same image by /. As we are proving injectivity 
on the Hodge generic locus, we assume that MT(xi) = MT(x 2 ) = H. 

There exist an element q of G(Q) and an element k of K such that 
Xi = qxi and h 2 = qh\k. 

The fact that MT(xi) = MT^) = H implies that q belongs to the 
normaliser N G (H)(Q) of H in G. Therefore k belongs to N G (H)(A f ) n K. 
Let us check that the group Nq{H)° is reductive. There is an element x of X 
that factors through Nq(H)j&. Then x(S) normalises the unipotent radical 
R u of Nq(H) hence Lie(R u ) is a rational polarisable Hodge structure and 
the Killing form is non degenerate on Lie(R u ). It follows that R u is reductive 
and therefore is trivial. 
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We claim that the group G' := Nq(H)/H has the property that G'(R) is 
compact. Indeed as N G (H)° is reductive N G (H)° is an almost direct product 
in G of the form Ng{H)° = HL with L reductive. Then L(R) is compact 
by the remark [2731 as it stabilises any point of Xh- As the image of L(R) in 
G'(R) is of finite index in G"(R) the group Cr'(R) is compact. 

The equality h 2 = qh\k shows that q belongs to H(Af)-(N G (H)(Af)r\K). 
Indeed, as q is in N G (H)(Af), there is a h! G H{Af) such that 

qhi = h'q 

and we get q = h'^^k' 1 G H(A f ) ■ (N G (H)(A f ) n K). 

It follows that the image q of q in G'(Q) is contained in the image K' of 
Na(H)(Af) HK which is a compact subgroup of G'(Af). Therefore q G T 1 : = 
G'(Q) fl K' and as G'(R) is compact, the group T' is finite. As K is neat, K' 
is neat by ([2] Cor. 17.3 p. 118) and T' is trivial. It follows that q belongs 
to H(Q) and k to K H := H(Af) fl K. We conclude that the points (xi, hi) 
and (x 2 , h 2 ) of Sh K[I (H,X H ) are equal. This finishes the proof. □ 

Recall that T is the connected centre of H and C is H/H der . Note that 
there is an isogeny a : T — > C with kernel TC\H der , given by the restriction 
of the quotient map H — > H/H dcr to T. We will make use of the following 
lemma. 

Lemma 2.4 The order of the group T(lH dev is uniformly bounded as (H, Xh) 
ranges through the Shimura subdata of (G,X). Let p : H — )■ H dcv be the uni- 
versal covering map. Then the degree of p is uniformly bounded as well. 

Proof. As T PI H dcr is contained in the centre of H der , we just need a 
uniform bound on orders of the centres of the universal coverings of connected 
semisimple subgroups of G. Let L be a connected semisimple subgroup of G 
and let be the Dynkin diagram of Lq. As the rank of Lq is bounded by 
the rank of Gc, there are only finitely many possibilities for D^. For each of 
these possibilities, the order of the centre of the universal covering of Lq is 
bounded by the index of the lattice of roots in the lattice of weights. □ 

We recall that we have fixed a faithful representation V of G. Let 
Pt: T GL(V) be the restriction of the representation G C GL(V) to 
T. We now prove some uniformity results regarding the characters occurring 
in pT and the reciprocity morphism r G :Tp — )■ C . 
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Lemma 2.5 There is a constant Rq such that for any sub Shimura- datum 
(H,Xh), the degree of the reflex field E(H, Xh) over E(G, X) is bounded by 

Rq. 

Proof. By Remark 12.3 (a) of [15], E(H,Xh) is contained in any splitting 
field of H. The degree of any such splitting field is bounded in terms of the 
dimension of G only □ 

Fix a positive integer R > Rq. For any Shimura subdatum (H,Xh) of 
(G, X), we let F be a finite extension of Q of degree bounded by R containing 
the reflex field E(H, Xh)- We assume that such a choice of R is made in the 
rest of the text. 

Assume moreover in this section only that F is a Galois extension of 
Q. By our assumption, there are only finitely many possibilities for the 
isomorphism class of Gal(F/Q). For the purposes of the present paper we 
can take F to be equal to the Galois closure of E(H, Xh)- However, we 
introduce extra flexibility on the field F for some applications in [T2] . 

We may thus assume that Gal(F/Q) is isomorphic to a fixed abstract 
group A. Let T F be the torus Resp/QGm^. We write H = TH der and we 
let fi: Gm t c — > H c be the cocharacter h c (z, 1) where h is an element of X H 
such that MT(h) = H. We write 

V c = ®V™ (2) 

the Hodge decomposition of Vc induced by h. 

The composition of // with He — > Cc gives a cocharacter G mi c — > Cfc 
which we denote by \ic- The cocharacter nc is defined over F. Each a in 
A defines a character Xa and a cocharacter \x a of the torus Tp. Moreover 
X*(T F ) = ©o-eA^Xo- and X*(Tp) = ® a( zi^L\x a . In this way, we get a "canoni- 
cal" basis for the character (respectively cocharacter) group of the torus Tp. 
There is a natural pairing 

<,>: X*(T F ) x X*(T F ) — ► Z 

defined by < Xcr, IJ> T >= 8a,r for all a, t in A. The reciprocity morphism 
re'- Tp — > C induces the morphism rc* '■ X*{Tp) — > X*(C) which sends the 
cocharacter fi a to cr(^c) an d an injection X*(C) C X*(T F ). We identify 
X*(C) with its image in X*(T F ). 
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By lemma I2.4[ the isogeny a : T — > C has uniformly bounded degree, 
say m. Therefore there is a unique surjective morphism of algebraic tori 
r : Tp — > T such that 

a o r = r™. 

The morphism r identifies X*(T) with a submodule of X*(Tp). We will 
consider the coordinates of the characters in X*(T) with respect to the basis 
of X*(T F ) described previously. 

Lemma 2.6 With respect to the chosen basis of X*(Tp) and the identifica- 
tion of X*(C) with a submodule of X*(Tp), there is a finite subset of X*(C) 
generating X*{C) Cg>Q whose coordinates are bounded uniformly on (H,X H ). 

The coordinates of the characters x ofT intervening in the representation 
Pt'- T 7- GL(V), with respect to the basis of X*{Tp) described above, are 
bounded uniformly on (H,Xh)- 

The size of the torsion of X* (Tp) / X* (T) is bounded uniformly on (H, Xh) ■ 

Proof. As the isogeny T — > C has order m, the representation induces 
a representation (V, pc) of C. 

The Shimura datum (C, {%}) as before induces a Hodge structure V(pc) 
on V by composing x with pa. Let 

Vc(pc) = ®( P , q )V c (pc) p ' q (3) 

be the associated Hodge decomposition. Let {x-} G X*{C) be the set of 
characters that intervene in the representation pc- As px is faithful, the 
{x'i\ generate X*(C) <S>Q. We will show that the coordinates of the x'i i n the 
chosen basis of X*(Tp) are uniformly bounded. 
These coordinates are the 

< Xi,rc*M >=< Xi,<r(Vc) >=< o-' l (x'i)^c > 

(where <,>: X*(C) x X*(C) — > Z is the canonical pairing). But these 
quantities are p-components of the weights in the Hodge structure ([3]) given 
by composing x with pc- We just need to show that these weights are 
uniformly bounded on (H der , X H da) . This will be deduced by comparing 
the p-components of the Hodge structure V(pc) with the ones of V given in 
the equation (T5]). 

As the characters {xi} € X*{T) occuring in p T are such that x'i — XT 
with m uniformly bounded, the result for the coordinates of Xi i n the chosen 
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basis of X*{T F ) is a consequence of the corresponding result for the x\- The 
statement concerning the size of the torsion of X*(Tp)/X*(T) is a direct 
consequence of the result on the coordinates of the Xi- 

Let Tjjdet be a maximal torus of H der such that fi factors through TcT^dcr . 
Let Tc be the almost direct product T c T H der, the torus Tq is a maximal torus 
of H c . 

Let 1Z be the root system associated to (T H d er , H der ). There are only a 
finite, uniformly bounded number of possibilities for 1Z. The representation 
of H, induces a representation of H der . The dimensions of the irreducible 
factors of this representation are uniformly bounded hence there is only a 
finite (uniformly bounded) number of characters of T^dcr that intervene in 
the representation. 

As T n H der is finite, we have a direct sum decomposition 

and a similar decomposition for X*(Tc)q. 

Let x be a character of Tc that intervenes in the representation Tc C 
GL(Vc). The direct sum decompositions above give the decompositions x — 

XT + XH dcr all d [1 = flT + /i^dcr. 

The values taken by the < x, \i > are the p such that V£' 9 is non-zero in 
the Hodge decomposition (T5]). Hence they are finite in number and uniformly 
bounded. On the other hand, we have 

<X,P > = < XT,^T > + < Xffde^/iffder > 

where xt and x# dcr are the restrictions of x to T and T H d ei respectively. In 
the decomposition 

/J = fix + I^H del 

there is only a finite number of possibilities for fj, H dcv . This is a consequence of 
the theory of symmetric spaces. To see this, we decompose the root system 
1Z into irreducible factors IZi. The components of the /i on IZi are either 
trivial or correspond to minuscule weights of the dual root system 1ZY . 

It follows that < Xn dci i P-H dcT > takes only finitely many values and so 
does < xt, A*t >• As m is uniformly bounded the < Xr^f 1 > are uniformly 
bounded. This finishes the proof as the < Xti^ > are the p-components of 
the weights in the Hodge decomposition (jHJ). 

□ 
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Finally for later use we prove a certain number of uniformity results con- 
cerning the reciprocity morphism. We keep the previous notations, (H, Xh) 
is a Shimura subdatum of (G, X), H = TH dcr , C = H/H der and F, as before, 
is a finite Galois extension of Q containing the Galois closure of the reflex 
field E(H,Xh) of (H,Xh), of degree over Q bounded by some constant R 
depending on (G, X) only 

The reciprocity morphism 

r [CAx}) : Gal(Q/F) ab ~ 7r 7r(T F ) 7fo(7r(C)) 

factors through 7ro(7r(C)) and 

r {HtXH) : Gal(Q/F) ab ~ 7r 7r(7» TZ(tt(H)) 

factors through tto(tt(H)). We will also write r^ c ,{x}) and T(h,x h ) f° r the 
induced maps from Gal(Q/F) or Gal(Q/F) ab to 7r (7r(C)) and 7r ^( H )) 
respectively. The map r c : T F — )■ C induces a map 

rc,A/Q '■ 71 (T F ) -»■ 7r(C) 

and r(c,{o;}) is obtained from rc,A/Q by applying the functor n . By [5J 2.5.3, 
the map rm,x H ) is also obtained by applying the functor n to a map 

7\ff,A/Q : -> 7r(-ff). 

The projection /J — > C will be denoted by p so p = # ab in the notations 
of section 12.14 equation ([TJ . 

If a : Gi — 7- G 2 is a morphism of reductive Q-groups we write ai : 
Gt(Qi) -> G 2 (Q z ),a 00 : G X (R) -> G 2 (R) and « A : G a (A) -> G 2 (A) for the 
associated morphisms at the level of Q/-points, real points and adelic points 
respectively. The map p : H —¥ C induces maps 

p A/ Q : n(H) -»■ 7r(C), 

tto(Pa/q) : tt (it(H)) ->■ 7r (7r(C)) 

and 

t^(Pa/q) : 7T (7r(#)) -^7f^(7T(C)). 

Finally, for any reductive Q-group Gi, and any g G Gi(A) we write g 
for the image of g in 7r(Gi), and 7r (g) (resp. 7fo(p)) for the image of g in 
7T (7r(Gi) (resp. 7^(tt(G 1 )).) 
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Lemma 2.7 There is an integer n\ such that for any sub Shimura datum 
(H, X) of (G, X) the following holds. 

(a) For any prime number I and for any m E T (Qi) , m ni E p^ (rc,i{Tp(Qi))) . 
For any m E T(R), m ni E p^(r c>00 (T F (R))). 

(b) Let us fix some models ofTp, H, T and C over Z. Then for any I big 
enough (depending on (H,Xjj) and the choice of the models over Z) 
and any m6T(Z,), m ni E ^(rc/T^Zj))). 

(c) For any m E T(A), m ni E p^ 1 (r CjA (Tp(A))) and the class m ni in ir(H) 
is mp- / 1 Q (r CiA/ Q(7r(T F ))). 

Proof. The element x gives a cocharacter /i c : G m c — > Cc defined by 
Hc( z ) — x c( z i 1)- The morphism r c : T F — > C corresponds to the morphism 
on cocharacter groups X*(T F ) — X„(C) which sends the cocharacter /v E 
X*(T F ) (induced by a E Hom(F, Q)) to cr(yUc)- The lemma [2761 says that there 
is a basis (xi) of characters of C such that the < Xi^i^c) > are uniformly 
bounded. We first verify that there is an integer n bounded independently 
of (H,Xh) and a morphism s : C — > Tp such that / := rc ° s is the n-th 
power homomorphism from C to C. 

As before, we identify the character group X*{C) with a sub- Z- module 
X*{T F ) via X*(rc)- Using lemma 12.61 we see there exists a basis ipi , . . . , ip t 
of X*(T F ) and integers d\, . . . ,d u bounded independently of (H,X H ), such 
that diipi, . . . , d u ip u is a basis of X*(C) C X*(T F ). Let n :— Y[ d>i- This is an 
integer bounded independently of (H,Xh)- Then the morphism X*(T F ) — > 
X*(C) sending ipi to nipi for 1 < i < u and ipi to for i > u, corresponds to 
a morphism s : C — > T F as claimed. 

It follows that r c ,i(T F (Qi)) contains U n := fi(C(Qi)). The kernel of fi®Qi 
is killed by n. Writing down the corresponding Galois cohomology sequence, 
we see that C{Qi)/fi(C(Qi)) is killed by n. Therefore, C(Q / )/r Cj/ (T F (Q / )) is 
also killed by n. 

At the level of real points, notice that the map /r induces a surjective 
morphism C(1R) + — > C(R) + where C(M) + is the neutral component of C(1R). 
By [23j, 10.1, 

C{R) = {R*) a x (C*) 6 x SO(2)(M) c 

where a,b,c are some integers. It follows that 7To(C(lR)) = C(1R)/C(1R) + is 
killed by two (notice that C* and SO(2)(M) are connected). Let n' be the 
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maximum of all the possible integers n as above. Let n\ = max(2,n')!, then 
n\ satisfes the conditions of (a). 

For (b), let 6 G C(Zj). Then 9 ni = rc,isi(9). For any I large enough 
Tp(Z;) is the maximal compact open subgroup of Tp(Qi). As Sj(C(Zj)) C 
Tp(Qi) is compact, for any I large enough si(C(Zi)) C Tp(Zj). Therefore, for 
Z large enough, s,(0) G T F {Z{) and G ^(^(Z,)). 

The part (c) is a direct consequence of (a) and (b). □ 

From this point and for the rest of the paper we make the assumption 
that Z(G)(M) is compact, which in particular implies that C(R) is compact 
by the remark 12.31 

Lemma 2.8 There exists a uniform integer n$ such that any element of the 
kernel ofWo(p^/q) : tt (tt(H)) — > To(ir(C)) is killed by no- 
Proof. Let y G H(A) such that 7r (y) is in the kernel of vto"(pa/q)- As 
7To(C(R)) is bounded of uniformly bounded degree we may assume that n (y) 
is in the kernel of 7To(pa/q) '■ 7r o( 7r (-^)) - > Kq{tt{C)). 

Recall that T D H AeT is finite of uniformly bounded order by the lemma 
12.41 Let M be a uniform bound on this order and let n2 '■— Ml. 

There exist an element t in T(A) and h in H deT (A) such that 

y n2 = t ■ h. 

By the lemma l2~4l the group H dei (A) / pH(A) is killed by a uniformly bounded 
integer. Let M' a uniform bound for this integer and n% := M'l. Then y a ' in ' A 
and t" 3 coincide as elements of 7r(H) and vr (y n2n3 ) and 7r (t n3 ) coincide as 
elements of 7To(7r(-ff)). 
By [5j 2.2.3, 

7T (7r(T)) = 7T (T(R)) x T(A / )/T(Q)-, 

where T(Q)~ is the closure of T(Q) in T(Af) for the adelic topology . As 
T(R) is compact, T(Q) is discrete in T(Af) (see [15], thm 5.26). Therefore 

7r (7r(T)) = 7To(T(R)) x T(A / )/T(Q). 

As C(M) is also compact, in the same way we have 

7T (7T(C)) = 7T (C(R)) X C(A / )/C(Q). 
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As a consequence we obtain 7r (7r(C)) = C(Af)/C(Q). 
Consider the exact sequence 

1 — > W — >T — > 1 

where W = T PI H der . Notice that the order of W divides ri2- We recall that 
the restriction of p to T is denoted a. 

As 7r (y) (and hence ^(y™ 2 ™ 3 )) is in the kernel of 7To(pa/q), we have 

PA(t n3 ) = a A (t n *) = cc^ 

with c G C(Q) and = (coo, 1) is an element of C(A) with all finite com- 
ponents trivial and with the component at infinity G C(1R) + . 

As ctoo induces a surjective map from T(M) + to C(M) + there exists 6*00 G 
T(M) + such that a^Ooo) = c^. Let 9^ be the element (#oo, 1) of T(A). 

Then a A (^oo) = Qoo- 

An 712-th power of any element of C(Q) is in the image of T(Q) hence 
there exists a g in T(Q) such that 

a A (t nsn >) = a A (q)a A (6%). 

It follows that 

where w is in W(A). As FT (A) is killed by n>2, we see that t n3 "2 = g n2 fl^ 2 . 
We have 

7T (t)™ 3 ^ = 7ro(y) n3n2 
and therefore a uniform power of y has trivial image in tiqt:{H). □ 

We can now prove the following: 

Proposition 2.9 There is an integer A such that for any (H,Xh) and F 
as above and for any m G T(A), the class m A of m A in 71q(tt(H)) is in 
r iH> x H ){M<T F ))) = r (iW (Gal(Q/F)). 

Proof. By the lemma l2T7T c). we have PA/Qiftf 11 ) G ^^/©(^(Tf)). Hence, 
there is an element a of Tp(A) and such that 

PA/Q(rn ni ) = r c ,A/Q{v)- 
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Applying the functor 7r we get 

noipA/olMrrP 1 )) = ^(^A/oX 71 ^)) = r(c,{x})M^))- 

The image of r^cix})^^)) in 7fo(7r(C)) equals the image of 7r (pA/Q)(r(H,x H )(7ro(o r ))) 
in 7fo(7r(C)). 

It follows that there exists an element y e if (A) such that 7r (y) is in the 
kernel of 7To(pa/q) : iro(ir(H)) — > W^(tt(C)) such that 

7r (m ni ) = 7r (y)r ( ^ XH) (7r (o 7 )). 

Let A = riiUo with no the integer given by the lemma [2T8l 
By the preceding lemma, 

n (m A ) = r (//)Xff) (7T O (0 r?1 )). 

□ 

2.2 Lower bounds for degrees of Galois orbits. 

In this section we consider a Shimura datum (G, X) with G semisimple of 
adjoint type and we let K be a compact open subgroup of G(Af). We also fix 
a faithful rational representation of G. We deal with the problem of bounding 
(below) the degree of Galois orbits of geometric components of subvarieties 
of Sh.x{G, X) defined over Q. We assume that K C G(Aj) is of the form 
K = YlpKp f° r some compact open subgroups K p of G(Q P ). 

Recall that we have fixed a faithful representation of G which allows us 
to view G as a closed subgroup of some GL n . We may and do assume that 
K is contained in GL n (Z). Let K 3 be the principal congruence subgroup of 
level 3 of GL n (Z 3 ). We assume that K 3 is contained in K 3 . Hence K s is 
neat and K is neat (see [12] sec. 4.1.5 and [17] sec. 0.6). All subvarieties are 
assumed to be closed. 

Let M be a projective variety over C, Y be an irreducible subvariety of 
M and C be an ample line bundle on M. Then deg c (Y) is the degree of Y 
computed with respect to C Let ci(£) be the first Chern class of C If Y is 
irreducible of dimension d then deg £ (F) is the intersection number c\(C) d .Y 
(see [10] chap. 12, p. 211). When Y is reducible, the degree of Y is defined 
to be the sum of degrees of its irreducible components. 

The Baily-Borel compactification of Sh K (G, X) is denoted Sh^(G,X). 
Let Ck = Cr(G,X) be the ample line bundle on Shx(G, X) extending the 
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line bundle of holomorphic differential forms of maximal degree on Sh^G, X). 
We say that Ck is the Baily-Borel line bundle on S1ir-(G, X). 

Let Y be a subvariety of Sh K (G, X), we write deg(Y) = deg CK (Y) the 
degree of Y computed with respect to the Baily-Borel line bundle. Let Z be 
a subvariety of Sh K (G,X) and Z be its Zariski closure in Sh^G, X), we'll 
write deg(Z) for deg(Z). 

Definition 2.10 LetY be a geometrically irreducible subvariety ofShx{G, X) 
defined over Q. Let F be a number field containing E(G,X). We define the 
degree of the Galois orbit ofY, denoted deg(Gal(Q/F) • Y) to be the degree 
of the subvariety Gal(Q/F) • Y o/Shx(G, X) calculated with respect to the 
line bundle Lk- 

Let (H, Xh) be a Shimura subdatum of (G, X) such that H is the generic 
Mumford-Tate group on Xh- Let Kh — K H H(Af). Let Y be as above and 
suppose that Y is the image in Sh^(G, X) of a geometrically irreducible sub- 
variety Y\ of Sh.K H (H , X H ) . Suppose that F contains E(H,X H ). We define 
the internal degree of the Galois orbit ofY to be the degree o/Gal(Q/F) • Yj. 
calculated with respect to Ck h ■ 

Note that when if is a torus (and hence Y is a special point), then 
deg(Gal(Q/F) - Y) is simply the number of conjugates of Y under Gal(Q/F). 

Let V be a geometric component of S\ik h (H, Xh)- We will use the same 
notation for V and its image in Shx(G, X). This is justified in view of the 
lemma 12.21 We recall that T is the connected centre of H. Let K™ be the 
maximal compact open subgroup of T(Af). We consider the compact open 
subgroup K% := K%K H of H(A f ). Note that as both K H and KJ? are 
products of compact open subgroups of H(Q P ), the group is a product 
of compact open subgroups Kj} of H(Q P ). 

We replace the group by the neat open compact subgroup (K^ 3 fl 
^3) ri P ^3 ^H,p- The index of / K H then changes by a uniformly bounded 
quantity. 

Lemma 2.11 The morphism 

ix : $h KH (H,X H ) — )■ Sh K %(H,X H ) 

is finite Stale of degree \Kj}/Kh\ 

Furthermore, there is a constant a independent of (H, Xh) and K such 
that 

\K%/K H \ = a\K™/K T \ 
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Proof. Let (x,g) be a point of Sh K ^(H, X H ). The preimage of (x,g) is 
(x,gK%) in Sh KH (H,X H ). Suppose 

(x,g) = (x,gk) 

with k G K^. There exist q in H(Q) and k' G such that qx = x and 
g = qgkk! . The first condition implies that q is in a compact subgroup of 
H(M) and the second condition implies that q is in the neat compact open 
subgroup gK^g" 1 of H(Af). These two conditions imply that q is trivial. 
Therefore k = {k')~ l G K H . The preimage of (x,g) in Sh KlI (H, X H ) has 
a simply transitive action by K^}/K H . Therefore ir is finite etale of degree 
\K%/K H \. 

Let K™' = (K™ 3 n K 3 )n p ^3^p- Then X™ = K™'K H . Therefore 
\Kff/K H \ = \K™ / K T \. As \KJp/KJp \ is uniformly bounded, for example by 
|GL n (F 3 )| the proof of the second claim is obtained. □ 

The next lemma splits the degree of the Galois orbit of Y into two pieces 
that we will estimate separately. 

Lemma 2.12 Let Y be a geometrically irreducible subvariety of V defined 
over Q. The degree of the Galois orbit Gal(Q/F) • Y calculated with respect 
to Ck h is at least the degree o/Gal(Q/F) •Fri7r _1 7r(F) times the number of 
Gal(Q/F) conjugates ofn(Y). 

Proof. For a scheme Z over some base field, Irr(Z) will denote the set of 
geometrically irreducible components of Z. The cardinality of a finite set 
will be written |@|. Hence |Irr(Z)| stands for the number of geometrically 
irreducible components of Z. 

We need to check that the degree of Gal(Q/F) • Y n 7r _1 ((7(7r(y)) with 
a G Gal(Q/F) is independent of a. 

Let a be in Gal(Q/F). Note that the group K^/Kh acts on the right 
by automorphisms on Sh.x H (H, Xh) and this action permutes transitively 
the components of the fibre 7t~ 1 (o-tt(Y)). Moreover for all a G K™ / we 
have a* Ck h = £-k h - By the projection formula, if Y i is a component of 
n-^aniY)) then deg^^) = deg^JaY). 

It follows that 

te&c K (n-\™<y))) = deg CK (aY) ■ M^My)))!- 



20 



Similarly 



deg CKH (Gal(Q/F) • F n tt^MK))) = 

deg^aF) ■ |Irr(Gal(Q/F) • Y n 7r -1 (cr7r(y)))|. 

The proof is finished by noticing that 

deg Cl<H (aY) = deg CKH (Y) 

and 

|Irr(Gal(Q/F) • Y n 7r _1 (<77r(y)))| = |Irr(Gal(Q/F) • F n 7r -1 7r(y))|. 

□ 

We first deal with the second piece. From now on we assume as in the 
previous section that F is a finite extension of Q containing E(H,Xh) of 
degree over Q bounded by R. We assume moreover that F contains the 
Galois closure of E(H,Xh)- This will be an harmless assumption in view of 
the kind of lower bounds for the degrees of the Galois orbits we are aiming 
to prove. 

Let Kq be the maximal open compact subgroup of C(A/). The number 
of components of the Galois orbit of 7r(V) is at least the size of the image of 
Gal(Q/F) in 7fa(Tr(H)) / by r(HX H ) which is at least the size of the image 
of r {C>x) ((F ® A/)*) in W^C)) / K% = C(Q)\C(A f )/K%. 

By lemma 12.61 X*(T) has a set of generators (xi, • • • , Xd) such that the 
coordinates of the Xi i n the canonical basis (x<t)o-:F^c of X*(Tp) are uniformly 
bounded. By lemma [2761 X*(C) has a set of generators (x'i, ■ ■ ■ , Xd') sucn 
that the coordinates of the x'i i n the canonical basis of X*(Tp) are uniformly 
bounded. As (C, {x}) is a Shimura datum of CM type such that the weight 
homomorphism is trivial (as G is of adjoint type) we see that for all i G 
{1, . . . , d'}, x'iXi is the trivial character. 

We are therefore in the situation of the theorem 2.13 of [25]. We get the 
following. 

Proposition 2.13 Assume the GRH for CM fields. Let N be a positive inte- 
ger. Let Lq be the splitting field of C . The size of the image ofr^c,{x}){{^f® 
L c )*) in C(Q)\C(Af)/K™ is at least a constant depending on N and degree 
of F over Q only times (log |disc(Lc)|) . 
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We claim that Lc is the Galois closure E° of E = E(C, {x}). By defini- 
tion of the reflex field, E is contained in Lc- As Lc is a Galois extension, 
E c is contained in Lc- Conversely, notice that the reciprocity morphism 
rrc,{x}) '■ ResE/QG mi s — > C is surjective. This is a consequence of the fact 
that H is the generic Mumford-Tate group on Xh- This implies that Lc is 
contained in the splitting field of Res£/QG mi £ which is E c . As E(H,X H ) 
is the composite of E and E(H ad , X H ad), the Galois closure of E(H,X H ) 
contains Lc- We obtain the following consequence of 12.131 

Proposition 2.14 Assume the GRH for CM fields. Let N be a positive 
integer. Let Lc be the splitting field of C . The number of components of 
Gal(Q/F) • 7r(V) is at least a constant depending on N and the degree of F 
over Q only times (log |disc(L c <)|) iV . 

If Y is a geometrically irreducible Q-subvariety Y of V , then the same 
lower bound holds for the number of components of Ga\(Q/ F) ■ tt(Y). 

The assertion regarding the subvariety Y is the consequence of the fact 
that, as the conjugates of 7r(V) are disjoint (they are components of 8h.K%(H, Xh)), 
the subvariety 7r(V) has at least as many conjugates as 7r(V). 

Now we deal with the first 'piece' : estimating the Galois degree in the 
fibre over 7r(V). We prove the following key proposition. 

Lemma 2.15 Let be the compact open subgroup T(Af) R K. The group 
K T is a product of compact open subgroups K Tp ofT(Q p ). 

Let Qa be the the image of the morphism x y x A ( with A as in \2.9\) on 
KJp/K T . 

We have 

MGaL(Q/F) • V n ^\(V))\ > ^^\l^-\(V))\. 

Proof. Recall that by the discussion at the beginning of the section 2.1 

n (Sh KH (H,X H )) = - {-k{H))/K h = H(Q)+\H(A f )/K H . 

This is a finite abelian group. 

A class a of a e H(Af) in H(Q) + \H(Af) /Kh corresponds to the compo- 
nent Xjj x {a} which is the image of X^ x {a} in Sh.K H (H, Xh)- The action 
of Gal(Q/F) on n (Sh.K H {H, Xh)) is as follows. By slight abuse of notation, 
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we denote here r^ HXH ) the composite of r^ HXll )'- Gal(Q/F) — > Wq(tt(H)) 
with quotient by Kjj. Let a G Gal(Q/F), and let t G H(Af) such that t is 
r (H,x H )(c r )- Then for any a G H(Af), 

a(X£ x {a}) = X^ x {to} = X^ x {at}. 

Let m G K™, then the image of m A in 7r (Sharif, X#)) is r^H,x H )( a ) f° r 
some a G Gal(Q/F). It follows that the image of Q A in H(Q)+\H(A f )/K H 
is contained in the image of Gal(Q/F). Moreover K™/Kt acts transitively 
on Irr(7r -1 7r(y)). For X^ x {a} G Irr(7r- 1 7r(V r )) and k G KJp/K T this action 
is given by 

(X+ x {a}).k = X+ x {«£;}. 

Consequently O^-V" C Gal(Q/F)-Kri7r _1 7r(V r ). In particular, the number 
of Galois conjugates of V contained in one fibre is at least the size of the orbit 
of V under the action of 9^. 

We have 

I K m I Krr I 

\Irr(n- l n(V))\ = \Itt((K™/K t ) ■ V)\ < 1 , T| |Irr(6 A ■ V)\ 

\Va\ 

and 

|Irr(Gal(Q/F) • V n 7r -1 7r(y))| > |Irr(9^ • V)\. 
These inequalities put together yield the desired inequality. □ 

Remark 2.16 Suppose Y is a geometrically irreducible subvariety of V de- 
fined over Q and suppose that QaY is contained in 

Gal(Q/F) • Y n 7r _1 7r(F). 

Then the statement and proof of the above lemma applies to Y . We have in 
this situation: 

|Irr(Gal(Q/F) Tn^(y))| > ^f R ^ M^OO)!- 
This fact will be used in Tfflj . 

Lemma 2.17 Let Y be a geometrically irreducible subvariety ofV, then 

deg, (Tr-yy)) > \K%/K H \. 
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Proof. Let Z be the fibre 7r _1 7r(y) of Sh K[I (H, X H ). Let Ck h and Ck™ be 
the Baily-Borel line bundles on Sh K[I (H, X H ) and Sh K m(^H, X H ) respectively. 
The morphism of Shimura varieties 7r: Sh.K H (H, Xh) — > Sh.K™(H, Xh) ex- 
tends to a proper morphism 

vf: Sh KH (H,X H ) — )• Sh^^X^) 

which is generically finite of degree | / | by lemma 12.111 Furthermore 
iy*£k™ — £>K H - The projection formula gives 

deg £ (Z) = deg^jZ) = deg CKm (^Z) = [K% : K H ] deg £jfm (tt(Z)) > K 

On another hand, according to [12J, cor 5.3.10 we have 
deg^(Z)<deg£ K (Z)=deg(Z). 

We deduce that 

deg(Z) > [ICS ■ K H }. 

□ 

Lemma 2.18 There is a uniform constant B > such that 
\e A \> J] m a x(l,B\K™ p /K T J) 

Proof. Since K™ /K T is the product of the K™ p /K TtP , the group 6^ is the 
product 

q a = n ® a >p 

{p:K™ p ^K T>p } 

where Q A ,p is the image of the map x ^ x A on K™ p /K TtP . Clearly \Qa,p\ > 1- 
Fix a p such that Kt, p Kt,p- It is enough to prove that the order of 
the kernel of the A-th power morphism on K™ /Kt, p is bounded uniformly 
on T and p. 

Let E be the splitting field of T. Notice that the degree of E over Q is 
bounded in terms of the dimension of T, hence uniformly on (H, Xh)- Using 
a basis of the character group of T, one can embed T into a product of a 
finite and uniformly bounded number of tori Res E/Q^m,E- It follows that 
Kt, p an d K T>p are subgroups of the product of the (Z p (g)0 E )*. These groups 
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are Z p -Hiodules of finite type with a set of generators of uniformly bounded 
cardinality r. Indeed, (Z p ® O^)* is the direct product of the groups of units 
of E v , completion of E at the place v with v\p. By the local unit theorem 
(cf [13]), each of these groups of units is a direct product of of the group 
of roots of unity in E v with Zp S "'^ p '. The number of generators of all these 
Zp-modules are uniformly bounded. 

It follows that the group K™ 1 /Kt, p is a finite abelian group, product of 
at most r cyclic factors. It follows that the size of the kernel of A-th power 
map on K™ p /K Tp is bounded by D := A r . We now take B := j^. □ 

In the proof of the lemma 12.121 we have seen that 

deg £KH (Gal(Q/F)-yn7r- 1 7r(y))=deg /:AH (\/)-|Irr(Gal(Q/F)-Vn7r- 1 7r(V))| 

Lemmas I2.15[ 12.171 and 12.181 combined together now give 

deg^ (Gal(Q/F) • V n 7r -1 7r(V)) > a J] max(l, B\K% p /K T , p \). 

If Y is a geometrically irreducible Hodge generic subvariety of V defined 
over Q such that QaY is contained in Gal(Q/F) • Y fl 7r _1 7r(y), then using 
the remark [2 .161 we get 

deg £AH (Gal(Q/F)-Fn7r- 1 7r(F)) >a J] max(l, B\K™ p /K T J). 

{p:K™ p ^K T , p } 

Putting all the previous ingredients together we get: 

Theorem 2.19 Assume the GRH for CM fields. Let (G,X) be a Shimura 
datum with G semisimple of adjoint type. Fix positive integers N and R. 
There exists a positive real number B depending only on G, X and R and a 
constant cn depending only on R and N such that the following holds. Let 
K be a neat compact open subgroup of G(Af) which is a product of compact 
open subgroups K p ofG(Q p ). Let (H,X H ) be a Shimura subdatum of (G,X) 
such that H is the generic Mumford-Tate group on Xh- Let F be a finite 
extension of Q containing the Galois closure of the reflex field E(H,Xh) of 
(H,Xh) of degree bounded by R. Let K~h be H(Af) fl K. 

Let T be the connected centre of H . We suppose that T is non-trivial 
and we define Lj- as the splitting field of T (which is equal to Lq as T and 
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C are isogeneous) . We recall that '■— T{Kf) R K, K™ is the maximal 
open compact subgroup ofT(Af). Then K T = Yl^T,p and K™ = Y\^t, p 
with Kt p = T(Q P ) fl K p and K™ is the maximal open compact subgroup of 
T(A f )." 

Let V be a geometric component of Sh.K H (H, Xh) ■ 

deg £KH (Gal(Q/F)-K)> 

c N J] max(l,B\K^ p /K T>p \).-(log(\di S c(L T )\)) N (4) 

If Y is a geometrically irreducible Hodge generic subvariety of V defined 
over Q such that OaY is contained in Gal(Q/F) • Y fl h~ 1 'k(Y) the same 
holds for Y : 

deg £KH (Gal(QAF)-m 

c N J] max(l,B\K^ p /K T>p \)-(log(\disc(L T )\)) N . (5) 

Remark 2.20 We will only use the more natural formula 

deg CK (Gal(Q/E(G,X))-V)> 

c N J] max(l, J B|K™ p /K T , p |)-(log(|disc(L T )|)) Ar (6) 

{p:K™ v ^K TtP } 

This formula is a consequence of (j4]) and cor 5.3.10 of [12]) in this text 
but the more precise statement using the internal degree deg£ K and the 
result for Y Hodge generic in V will be useful in the forthcoming paper by 
Klingler and Yafaev [12]. Note that we have identified Y and V with their 
images in Sh.x{G, X) using lemma I2T21 in the previous statement. 

Note also that if we take F to be the Galois closure of E(H,Xh) in 
theorem 12.191 the degree of F over Q is uniformly bounded when (H, Xh) 
varies by lemma 12.51 

In the case where we consider subvarieties V such that the associated tori 
T lie in one GL n (Q)-conjugacy class with respect to some faithful represen- 
tation G GL n , we do not need to assume the GRH. Indeed, in this case 
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the field is fixed and hence the term involving it is constant. We only 
used the GRH to obtain this term. 

3 Special subvarieties whose degree of Galois 
orbits are bounded. 

3.1 Equidistribution of T-special subvarieties. 

Let (G, X) be a Shimura datum with G semisimple of adjoint type and let K 
be an open compact subgroup of G(Af). Let X + be a connected component 
of X. In this case (G is semisimple of adjoint type), the stabiliser of X + is 
the neutral component G(R) + of G(M). We let G(Q)+ = G(R)+nG(Q). We 
remark that in this situation G(Q) + = G(Q) + with our previous notations. 
Let T = G(Q)+ D K and S = T\X + a fixed component of Sh K (G,X). Note 
that S is the image of X + x {1} in Sh K (G,X). 

If (H,X H ) C (G,X) is a Shimura subdatum, we denote by MT(X H ) 
the generic Mumford-Tate group on Xjj. If H' = MT(Xh), then H' C H, 
H ,der = H der and Z ( H 'f c z(H)°. This is a consequence of the proof of [2TJ 
lemma 4.1. In the situation of loc. cit. Hodge groups are considered instead 
of Mumford-Tate groups but the proof can be easily adapted. Fix x G Xh- 
Let X~^ be the H (M) + -conjugacy class of x and X^, be the if'(IR) + -conjugacy 
class of x. Note that as the centre of H (resp. H') acts trivially on x, X^j- 
(resp. X^,) is also the H deT (R) + (resp.H dcr (M) + ) conjugacy class of x. As 
H' dcv (R) + = H dcr (R) + , X+ = X+ and (H',X B >) is a Shimura subdatum of 
(H,X H ). 

Definition 3.1 Let Tq be a subtorus of G such that T(R) is compact. A 
T-Shimura subdatum (H, Xh) of (G, X) is a Shimura subdatum such that 
T is the connected center of the generic Mumford-Tate group H' = TH deT of 
Xh- Note that in this definition T may be trivial. In this case the generic 
Mumford-Tate group H' of Xh is semisimple. 

Definition 3.2 A T-special subvariety of S is an irreducible component Z 
of the image of Sh. KnH (A f )(H, Xh) contained in S for a T-Shimura subdatum 
(H,X H ) C (G,X). In this case, we say that Z is associated to {H,X H ). A 
T-special subvariety of S is standard if there exists a T-Shimura subdatum 
(H, Xh) of (G, X) and a connected component X^ of Xh contained in X + 
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such that Z is the image of X^ x {1} in S. If Z is standard, then Z is 
the image of (T n H(R) + )\X^ in S. We denote by S T the set of T-special 
sub varieties of S. 

Lemma 3.3 A standard T-special subvariety Z is associated to a Shimura 
subdatum (H,X H ) such that H = MT(X H ) = T ■ H der . 

Proof. If Z is associated to (H 1: X Hl ) and Z is standard, then Z is the 
image of x {1} in S for some connected component X^ of X Hl contained 
in X + . Write H = MT(X Hl ), then X H = X Hl and Z is also associated to 
(H, Xh) and is standard. □ 

Lemma 3.4 Recall that St is the set of T-special subvarieties of S . Let 
a G T and T a = aTa" 1 . Then = £y. 

Proof. Let (H,X H ) be a T-Shimura subdatum of (G,X). Fix x G X H . 
Let H a = alia" 1 and X Ha be the if a (M)-conjugacy class of a.x. Then 
(H a ,X Ha ) is a T Q -Shimura subdatum and the images of Sh KnH ^ f ^(H, X H ) 
and Sh KnHa ( Af )(H a ,X Ha ) in Sh^((7,X) coincide. □ 

Lemma 3.5 Let {q±, ■ ■ ■ ,qi} be a system of representatives of G(Q) + \G(Q) . 
Let Tq be a subtorus of Gq such that T(M) is compact. 

There exists a finite subset {r±, . . . , r&} of G(Af) such that any T-special 
subvariety of S is a component of the image by the Hecke operator T q . r . of a 
standard (qjTqJ 1 ) -special subvariety of S. 

Proof. There exist n, • • • , r\ in Z G (T)(Af) such that we have a finite dou- 
ble coset decomposition 

Z G (T)(A f ) = ut 1 Z G (T)(Q) + ■ r t ■ (Z G (T)(A f ) n K). 

Let Z be a T-special subvariety of 5 associated to a T-Shimura subdatum 
(H, X H ) of (G, X). Then Z is the image in S of X+ x {/i} for some ft G H(A f ) 
and for some component X^ of X#. 

By definition of a T-Shimura subdatum, T C Z(H) (where Z(H) is the 
centre of and therefore H C Z G (T). 

We can find * G Z G (T)(Q) + , k G Z G (T)(A f ) D K and i e {I, . . . , k} such 
that ft, = zrj/c. Therefore Z is in the image of z~ l .X^ x {rj} in 5. 

Fix x G X^, as G(Q) is Zariski dense in G(M) there exists a j G {1, . . . , /} 
such that qjZ" 1 .x G X + . 
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Define H z j := qjZ 1 Hzq^ 1 and X Hzj := H z j(R) ■ (qjZ l .x). Then 
(H Zj j,X Hz .) is a Shimura subdatum of (G,X). The generic Mumford-Tate 
group of X Hz j is 

MT(X Hz .) = q 3 z- l Mi:{X H )zqj l = ^(TH^zq- 1 = q/lqy.Utf. 

Therefore (H z j, Xh z j) is a (gjTg^~ 1 )-Shimura subdatum. 

Note that qjZ~ 1 X^ { is a connected component Xjj__ . of Xh z ^ such that 
Xff^ C X + . Let Z be the image of X^ x {1} in 5. Then Z is a standard 
(qjTqJ 1 ) -special subvariety associated to (H z j, X Hz j ). This finishes the proof 
as Z is a component of T^.Zo. □ 

Let (H,Xh) be a T-Shimura subdatum of (G,X). Our next task will 
be to construct a T-special Shimura subdatum (L, X L ) of (G, X) maximal 
amongst T-Shimura subdata of (G, X) containing (H, X H ). Our construction 
will show that L depends only on T and not on (H,X H ). 

The algebraic group Zq(T) is reductive and connected as the centraliser 
of a torus. Let 

Z G (T)=fL 1 ...L r 

be the decomposition of Zg{T) as an almost direct product of the connected 
centre T of Zg{T) and a product of Q-simple factors Zg{T) Act . 

Let L = TLi . . . L s be the almost direct product in G of T and of the Lj's 
such that Lj(R) is not compact. Then 

if C Z G (T) = Z G (f). 

Let 

{L'Y = Z G {T)/L 

and p : Z G (T) — >■ (L') c be the associated projection. Then (L') C (IR) is com- 
pact. As the almost Q-simple factors Hk of H der are such that Hk(R) are 
not compact, their projections by p on(L') c are trivial. We deduce from this 
that H C L. Let Xl be the L(M)-conjugacy class of some x G X^. 

Lemma 3.6 The pair (L,X L ) is a T-Shimura subdatum such that 

(H,X H )G(L,X L ). 
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Proof. The proof of ([3] proposition 3.2) shows that (L,Xl) is a Shimura 
datum. As H is contained in L, (H, X H ) C (L, X L ). We write H' = MT(X H ) 
and L' = MT(Xl). We have an inclusion of Shimura subdata 

(H',X H ) C (L',X L ). 

By definition T = Z(H')° C L' and T commutes with V , therefore T C 
Z(L')°. Fix x G Xfl-, then X L is the L der (M)-conjugacy-class of x. By 
definition of the generic Mumford-Tate group of Xh we know that 

x(S)QR) C (T.P dcr )(K) C (T.L dcr )(M). 

We then see that for any y G A/, we have 

y(S)(R) C (T.L der )(M). 

Therefore L' = MT(X L ) C T.L AcT and C T. Finally T = Z(L')° and 

(L, Xx) is a T-Shimura subdatum. □ 

The following lemma will be useful later. 

Lemma 3.7 Let (M,Xm) be a Shimura subdatum of (G,X). Then there 
exist at most finitely many Y such that (M, Y) is a Shimura subdatum of 
(G,X). Moreover as M varies among the reductive subgroups of G the num- 
ber of Y is uniformly bounded. 

Proof. Let X 1M and X 2jM such that (M, Xi jM ) and (M, X 2)M ) are Shimura 
subdata of (G,X). Fix Xj G X i)M and a G G(R) such that 

x 2 = a.xx = axia^ 1 . 

Let Ki = Za(xi(\/— 1))(M) the associated maximal compacts of G(R). We 
have the Cartan decompositions: 

G(M) = P X K X = P 2 K 2 and M(R) = (P 1 nM)-(K 1 nM) = (P 2 nM)-(K 2 C)M). 

We then have K 2 = aK\a~ l and P 2 = otP-yoT 1 . As the Cartan decomposi- 
tions are conjugate in M(M), there exists h G M(R) such that 

K 2 n M = h(K 1 n M)h~ l and P 2 n M = h(P l n M)h~ x . 
Let 7 = = p./c with p G Pi and G Xi. Then 

(*) fl M = pXijT 1 HI and Pi n M = pP^ 1 n M. 
By ([21] lemma 3.11) we have the following: 
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1. Let p, q and r be elements of P\ such that pqp 1 = r then p 2 g = gp 2 . 

2. Let p E P\ and fci and &2 be elements of K\ such that pk\p~ x = k% then 
p 2 A;i = fcip 2 . 



Then (★) and (1) implies that p 2 G Z G (P 1 f]M)(U.) and (★) and (2) implies 
that p 2 G Z G (K 1 n M)(R). We then find that 



so p 2 G Pi R ifi is trivial and p = 1. 

We now know that a = /ry with /i G M(R) and 7 6 ifj. Fix a set of 
representatives {71, . . . , 7 r } in K\ of K\jKl[. As iC, 4 " fixes xi we obtain that 
7i.Xi G X2,m for some i G {1, . . . ,r}. This finishes the proof of the lemma. 
□ 

Theorem 3.8 Fix a subtorus Tq of G with T(M) compact. Let (Z n ) be a 
sequence of T-special subvarieties of S. Let (/x n ) := (jiz n ) ^ e ^ e associated 
sequence of probability measures. There exists a T-special subvariety Z of S 
and a subsequence (Z Uk ) such that (/i nfc ) converges weakly to fiz- Moreover 
Z contains Z Hk for all k large enough. 

Proof. We first give the proof assuming that Z n is a sequence of standard T- 
special subvariety of S associated to a T-special Shimura subdatum (H n , X n ) 
of (G,X) with H n = MT(X n ) = TH* ei . Using the lemmas O and ESI we 
may assume that for all n G N, (H n ,X n ) is a Shimura subdatum of the 
T-special Shimura datum (L,Xl). 

Therefore we may assume that (Z n ) is contained in a fixed component Sl 
of Sh i ( A/ ) n ^(L, X L ). Then (Z n ) is a sequence of strongly special subvarieties 
of Sl in the sense of [3] 4.1. Let (L ad ,X L ad) be the adjoint Shimura datum 
and fC£ d a compact open subgroup containing the image of L(Af) D K in 
L ad (Af). We recall that Z n is a strongly special subvariety of Si if and only 
if its image Z® d in Sh^ad(L ad , X L ad) is strongly special. As T is the connected 
center of H n and T is contained in the center of L we see that Z® d is defined 
by a Shimura subdatum (H' n , X' n ) of (T ad , X L ad) with H' n semisimple and that 
Z ad is strongly special. 

Note that the condition (b) in the definition of "strongly special" (j3] 
4.1) is in fact implied by the first: let (F,Xp) be a Shimura subdatum of 
an adjoint Shimura datum (G, X) with F semisimple. Let a : S — > Fr 
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be a element of Xp and K a = Za(cx(y/—T)) be the associated maximal 
compact subgroup of G(R). Then Zq(F)(M.) C Z G {a[\/ — 1)) is compact. 
Therefore Zg{F) is Q-anisotropic (even M-anisotropic) and (F, Xp) satisfies 
the condition (b") of ([3] 4.1) which is equivalent to the condition (b). 

The theorem 4.6 of [3] proves that, after possibly having replaced (Z n ) 
by a subsequence, there exists a special subvariety Z C Sl such that (yUz„) 
converges weakly to fiz and Z n G Z for all n ^> 0. We can find a Shimura 
subdatum (H, Xh) associated to Z such that for any n large enough the 
following inclusions of Shimura data hold: 

(H n ,X n ) C (H, X H ) C (L,X l ) 

We once again write V = MT(X L ) and H' = MT(X H ). Then 

(H n ,X n ) C (H',X H ) C (L',X l ) 

By following the proof of the Lemma [3761 we deduce that Z(H')° = Z(H n )° = 
Z(L')° for every n large enough and consequently Z is a T-special subvariety. 

This finishes the proof assuming the Z n are standard T-special subvari- 
eties of S. Without this assumption, using the lemmas 13.51 and 13.31 we may 
assume that there exists q G G(Q), 6 G G(Af) and a sequence of (qTq^ 1 )- 
special Shimura subdata (H' n ,X' n ) of (G,X) with H' n = MT(X' n ) with the 
following property. There exists a sequence of standard (g~ 1 Tg)-special sub- 
varieties Z' n (with Z' n the image of X n + x {1} in S for some component X n + 
of X' n ) such that Z n is the image of X n + x {9} in 5. Let [i' n := be the 
associated sequence of probability measures. Then the weak convergence of 
H n to Hz for some special subvariety containing Z n for n big enough are de- 
duced from the corresponding weak convergence of fi' n to jiz' for some special 
subvariety Z' containing the Z' n for n 3> 0. The reader may check that the 
proof given previously guarantees that Z is T-special. □ 

A formal consequence of theorem 13.81 is the following result. 

Corollary 3.9 Let (Z n ) ne jq be a sequence of T-special subvarieties of S and 
Z be a component of the Zariski closure U ne mZ n of U n ^Z n . Then Z is 
T-special. 

Proof. Let Iz '■= {n G N, Z n C Z}. Then formal properties of the Zariski 
topology show that U ne i z Z n is Zariski dense in Z. If there exists n G Iz 
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such that Z n = Z, then Z is T-special, otherwise Iz is infinite. Passing to 
a subsequence we may and do assume that for all n G N, Z n C Z. As Z n 
is defined over Q for all n we see that Z is defined over Q. As Z has only 
countably many subvarieties defined over Q, using a diagonal process and 
passing to a subsequence we may assume that (Z n ) neN is a "generic sequence" 
of Z: for any subvariety Y of Z with Y ^ Z the set ly := {n £ N, Z n C Y} 
is finite. In particular for any subsequence (Z nk ) ke ^ of (Z n ) neN we have 

UfceN-Zn fe = Z. 

Moreover using theorem 13.81 and passing to a subsequence we may and 
do assume that there exists a T-special subvariety Z' of S such that fiz n 
converges weakly to \iz> and for all n e N, Z n C Z'. As (Z n ) ng N is generic in Z 
we get Z = U ne ^Z n C Z'. As Z is closed and as for all ra, Supp(yUz n ) C Z we 
get using the weak convergence of (/iz n )neN to ^z 1 that Z' = Supp(yU^/) C Z. 
Therefore Z = Z' is a T-special subvariety of 5. 



3.2 Special subvarieties whose Galois orbits have bounded 
degrees. 

Let (G,X), X + , T and S be as in the previous section. We recall that 
we have fixed a faithful representation G C GL(Vq) onan dimensional Q- 
vector space Vq. We fix a Z-lattice V% and an isomorphism V% ~ Z n such 
that K C GL n (Z). Moreover we assume, as in the previous section, that 
K = Yl p Kp and that K is neat. For any algebraic subgroup H of G, we 
let Hz (resp. H% p ) be the Zariski-closure of H in GL n ^ = GL(Vz) (resp. 



The aim of this section is to prove the following theorem which provides a 
justification for the seemingly unnatural definition of T-special subvarieties. 
This result is used crucially in [12J in the proof of the Andre-Oort conjecture 
under the GRH. 

Theorem 3.10 Assume the GRH for CM fields. Let M be an integer. There 
exists a finite set {Ti, . . . , T r } ofQ-tori of G such that each Tj(R) is compact 
and having the following property. Let Z be a special subvariety of S defined 
by the Shimura subdatum (H,Xh) (with H being the generic Mumford-Tate 
group on X H ) such that, with notations of \2.19\ 



□ 




GL(Vzp)). 



max(l, B i( ?}\K% 



/K T |)log|disc(L T )| < M. 
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In this last formula we wrote i(T) for the cardinality of the set of primes p 
such that K^ p ^ K TiP . 

Then Z is a Ti-special subvariety for some i G {l,...,r}. 

Corollary 3.11 Assume the GRH for CM fields and let M be an integer. 
There exists a finite set {T 1; . . . ,T r } of Q-tori of G with the following prop- 
erty. Let Z be a special subvariety of S. If the degree of Gal(Q/E(G, X)) ■ Z 
is at most M , then Z is a Ti-special subvariety for some i G {1, . . . , r}. 

Proof. Let Z be a special subvariety of 5" such that deg(Gal(Q/-E , (G, X)).Z) 
is bounded by M. ByEHHJ both max(l, B i{ P>\K% j K T \) and log(|disc(L T )|) 
are bounded. The conclusion then follows from the theorem 13.101 □ 

Corollary 3.12 Assume the GRH for CM fields. Let £ = {xj} be an infinite 
sequence of special points. Then the size \Gal(Q/ E(G, X)) • Xi\ of the Galois 
orbit of Xi is unbounded as Xi ranges through S. 

Proof. When x is a special point, the degree of its Galois orbit is just its 
size. Suppose that \Gdl(Q/E(G, X)) ■ Xi\ was bounded by an integer M. 
Then, by 13.114 each x^ would be T^-special for some j G {1, . . . , r}. But, for 
a fixed torus T with T(M) compact, there are only finitely many T- special 
points. Hence £ is finite. This contradicts the definition of £ thus proving 
the corollary. □ 

We now proceed to prove the theorem 13.101 Let now T,m be the set of 
special subvarieties Z such that max(l, 5^ T )|i^7# T |)log|disc(L T )| < M. 
Then both max(l, B i( - T ^>\Kf/K T \) and |disc(L T )| are bounded. Let C ~ 
H/H dcr and let Lc be the splitting field of C. The discriminant |disc(Lc)| = 
|disc(L T )| is bounded when Z varies in Ti M . To prove the theorem I3.10[ it 
suffices to consider the set of Z G S_m such that the corresponding L c is 
fixed. 

Lemma 3.13 (i) Let Eq be a number field. Let Te be the set of Q-tori 
T of G such that there exists a Shimura subdatum (H, Xh) of (G, X) with 
H = MT(Xh) such that T is the connected centre of H and such that the 
splitting field ofT is E . Then T^ is contained in a finite union o/GL n (Q)- 
conjugacy classes. 

(ii) Let M be an integer. Let Tm be the set of Q-tori T of G such that 
there exists Z G Em associated with a Shimura subdatum (H, Xh) of (G, X) 
such that T = Z(MT(Xh))° . Then Tm is contained in a finite union of 
GL ra (Q) -conjugacy classes. 
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Proof. The assumption of part (ii) of this lemma implies that the discrim- 
inant of Lt is bounded. For the purposes of proving part (ii) of the lemma 
we may assume that Lt is fixed. As Lt is the splitting field of T we see that 
part (ii) is a consequence of part (i) of the lemma. 

We write Lt = Eq for the coherence of the notations. Therefore we can 
assume that the torus L : = Res£ T /QG m is fixed. As before, we identify X*(T) 
with a submodule of X*(L) via a "lifting" of the reciprocity rujAx})- By 
the lemma I2.6[ there is only a finite number of possibilities for the set of 
characters of L occurring in the representations Tt '■ L — > T C GL n . Let us 
fix such a set X of characters of L and write 

for the corresponding decomposition of such that for all o G Gal(Q/Q) 

a (^,x) = ^2,x CT ' Here the V x 's are Q- vector subspaces of Vq and we can 
assume that their dimensions are fixed when T varies in T^ T . 

It follows that the isomorphism class of the representation of the Q-torus 
L on V is fixed. Therefore the morphism is contained in a GL n (Q)- 
conjugacy class. This finishes the proof of the lemma as T = r^(L). 

□ 

The part (i) of the previous lemma will not be used in this text but will 
play a role in [12]. We need in fact the following more precise result than 
part (ii) of lemma 13.131 

Proposition 3.14 The set Tm is contained in a finite union of GL n (Z)- 
conjugacy classes. 

We'll need a weak version of the following result for the proof of the 
proposition 13.141 but its full strength will be used in [12j. 

Proposition 3.15 There exists a positive constant c with the following prop- 
erty. Let (H,Xh) be a Shimura subdatum of (G,X). Let T be the connected 
centre of H . Let Lt = Lq be the splitting field ofT. Let p be a prime which 
is unramified in Lt and such that K p = GL n (Z p ) fl G(Q). Assume that 

K T , P := T(Q P ) n K ^ K™ p . 

Then 

\K% p /K T>p \ > cp. (7) 
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Proof. This statement is a variant of the proposition 4.3.9 of [5]. We need 
to check that the proof can be adapted in our situation. 

Lemma 3.16 The set T(G) of tori T in G occurring as the connected centre 
of a reductive subgroup H of G such that there exists a Shimura subdatum 
(H, Xh) of(G, X) is contained in a finite union of GL n (Q) -conjugacy classes. 

Proof. By the discussion before the lemma 12.61 we may assume that there 
exists a finite Galois extension F of Q such that the isomorphism class A of 
Gal(F/Q) is fixed as an abstract group and a surjective map of tori 

r T :T F = Res F /Q<Gr m ,F -»■ T 

obtained as a lifting of a uniformly bounded power of the reciprocity mor- 
phism rtcAx})- Then X*(Tp) has a canonical basis B indexed by the elements 
of A. Let r be the cardinality of A. We can therefore find a Q-isomorphism 
~ ^fM sucn ^ na ^ ^ ne Educed map X*(T F ^) — >■ X*(G^^) transforms 
the canonical basis B of X*(T F q) into the canonical basis of IT = X*(G r m ^). 
We end up with a representation 

r T,Q '■ -+ T Q C GL n,Q 

of the torus ^. Using the lemma 12.61 we see that we may assume that 
the set of characters of and their multiplicities occurring in the rep- 

resentation r T Q are fixed. As a consequence the Q-isomorphism class of 
the representation r T ^ is fixed. As Tq = r^(G^) we see that the tori 

T G T(G) are contained in a finite union of GL n (Q)-conjugacy classes. □ 

Lemma 3.17 Let T be a torus in T(G). Let :Tp — >■ T be as previously. 
Let p be a prime which is unramified in F. 

Then there exists a G GL n (Q p ) such that the Zariski closure of T a := 
a.Ta~ x then in GL nZp is a torus T a> z p . In this situation KT a , p = T a (Q p ) D 
GL n (Z p ) is the maximal compact open subgroup K™ a ofT a (Q p ). 

Proof. We first recall the following facts about models of tori over Z p mainly 
due to Tits in the general context of reductive groups. 

Let A be a torus in GL ni Q p and Az p be its Zariski closure in GL n ^ p . Then 
K\ iP := A(Z P ) = A(Q P ) fl GL n (Z p ) is a compact open subgroup of A(Q P ). If 
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A Zp is a torus, then K\ iP = A(Z p ) is the maximal hyperspecial subgroup K™ p 
of A(Q p ) ([IS] j 3.8.1). Conversely if K™ = K^ p is a maximal hyperspecial 
subgroup of A(Q P ) then Az p is a torus over Z p ([19J, 3.8.1). Note also that 
if the splitting field of A is an unramified extension of Q p then K™ is a 
hyperspecial subgroup of A(Q P ) ([IS], 3.8.2). 

As p is unramified in F and as Tt '■ Tp — Y T is surjective, then p is 
unramified in the splitting field of T. The maximal open compact sub- 
groups of GL n (Q p ) are conjugate under GL n (Q p ) and any compact sub- 
group of GL n (Q p ) is contained in a maximal open compact subgroup of 
GL n (Q p ) (see [18] 3.3 p. 134). Therefore there exists a maximal compact 
open subgroup a _1 GL n (Z p )a of GL n (Q p ) for some a G GL n (Q p ) such that 
T(Q p )fla _1 GL n (Z p )a = K™ ' . Let T a = aTa' 1 , and T a ^ p its Zariski closure. 
Then T a (Z p ) is the maximal compact subgroup of T a (Q p ) and is hyperspecial. 
The previous discussion shows that T a ^ p is a torus. □ 

We may now prove the proposition 13.151 Let p be a prime which is un- 
ramified in F . Let 

fa '■ Tf,q p — > T a 

be the map r a = arTOt' 1 . The torus Tjtq is the generic fiber of a torus Tp t i p 
over Z p (see [23], 10.3 thm 2) and the map r a extends uniquely over Z p as a 
map of algebraic tori 

f a,z p '■ Tp,i p — > T aj z p C GL njZp = GL(Vz p ). 
Taking the special fibers we get over the residue field F p of Z p a map 

r a,¥ p '■ Tf,¥ p > T a ^ p C (il.„. ,. = GL(Vf p ). 

Passing to the algebraic closure F p of F p we get a map 

r a,¥ p : T F,¥ P > T a,¥ p C GL n,F p = G H V ¥ p )- 

Using the lemma 4.1 of Expose X of [6], we see that there is a canonical 
isomorphism between X*(Tp,¥ p ) and X*(Tp) and by our previous discussion 
we get a canonical basis B of X*(T FjV ). As in the proof of the lemma [37T61 
we have an isomorphism of tori over F p between ~ ^~ff p sucn that 

the associate map on the character groups send the canonical basis B on the 
canonical basis of Z n = X*(G r m ^ ). Composing this isomorphism with r a f p 
we end up with a representation 

r a,¥ p '■ G L,F P ► T a,¥ p C GL n,¥ p = GL (^f p )" 
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Using the lemma 12.61 as in the proof of the lemma 13.161 we may assume that 
the characters of G r m ^ and their multiplicities in the representation r a f are 
fixed. 

By the lemma 4.4.1 of [9] there is a positive integer C\ independent of 
(H, Xh) and p such that for all subspaces W of Vf the group of connected 
components of the stabiliser of W in G r ^ is of order bounded by C\. As the 
map r a f is surjective, the group of connected components of the stabiliser 
of W in T a f is also of cardinality uniformly bounded by C\. 

Assume now that K p = G(Q P ) n GL n (Z p ), then K T , P = T(Q P ) n GL n (Z p ). 
If Kt, p 7^ Kt, p ^ ne Zariski closure Tz p of Tq p in GL n ^ p is not a torus. 

The conjugation morphism x H- axoT x establishes a bijection between 
K%JK T , P and Kf^ p /T a (Q p ) n aGL n (Zp)a _1 where Kf a>p is the maximal 
compact open subgroup of T a (Q p ). This last index is the size of the orbit 
T Q (Z P ) ■ aZp. The fact that the Zariski closure T% p of Tq p in Gh n ^ p is not 
a torus implies that T a $ p does not fix the lattice aZ™ in the sense of [9], 
section 3.3. 

In view of the previous result on the size of the group of connected com- 
ponents of stabilisers of subspaces of Vf p the proof of the proposition 4.3.9 
of [9] implies that this index is at least a uniform constant times p. 

□ 

Fix a torus To £ Tm and let T>(Tq) be the set of tori in G contained in 
the GL n (Q)-conjugacy class of T . To prove the proposition 13.141 we will 
analyse the variation of B 1 ^ ■ \K™/Kt\ as T ranges through T>(Tq). 

Lemma 3.18 For all T £ T>{Tq) we have the lower bound 

II max(l,£|i^/# T>P |)> J] °P 

{p:K™ p ^K T:P } {p:K™ p ^K T:P } 

where c is a uniform constant. 

Let M be an integer. There exists an integer Cq > such that the fol- 
lowing holds. Let So be the set of primes p < Cq and let Zg be the ring of 
So-integers. The set T>(T Q ) fl Tm is contained in a finite union o/ GL n (Zs )- 
conjugacy classes. 

Proof. Let p be a prime such that p is unramified in Lt, such that K p is 
Cr(Zp) for the Z p -structure given by our fixed representation of G and such 
that T ^ p is a torus. These conditions are verified for almost all p. 
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Let T G V(Tq) be such that K™ ^ Kt, p - By the proposition I3.15[ we 
have the lower bound 

\K^ p /K T , P \ > ap. 

Therefore, there exists an integer Co such that for all T G D(Tq) C\Tm and 
all primes p > Co, Kt )P = K™ p and K™ p is hyperspecial. Let T G T>(T ) HTm 
and p > C , then T Zp is a torus. 

Let g G GL„(Q) such that T = gT Q g~ l . The previous discussion shows 
that To.z p fixes the lattice g1* p . By ([9] lemma 3.3.1), there exists c G 
Zgl„ (T) (Q P ) and a p G GL n (Z p ) such that g p = ca p . Therefore T Zp = 
a P To^ p a~ l for some a p G GL n (Z p ). 

By the Corollary 6.4 of [UJ the set T>(T ) fl is contained in finitely 
many GL n (Z 5o )-conjugacy classes. 

□ 

The proposition 13.141 will follow from the following proposition whose 
proof was communicated to us by Laurent Clozel. 

Proposition 3.19 (Clozel) Let G be a reductive group over Q p , T C G a 
non trivial torus and let H = Zq(T\ Let K be a fixed compact open subgroup 
of G(Q P ) and let Kt = K™ be the maximal compact subgroup o/T(Q p ). The 
function 

I(g) = \K T /T(Q p )ng- 1 Kg\^oo 

as g — >■ oo in G(Q P )/H(Q P ) (where a basis of neighborhoods of oo is given 
by the complements of compact subsets of G(Q P )/ H(Q P )) . Let W be a 
set of g G G(Q P )/ H(Q p ) such that 1(g) is bounded. The image of W in 
G(Z P )\G(Q P )/H(Q P ) is finite. 

Proof. As T(Q P ) n g^Kg is a compact open subgroup of T(Q P ), T(Q P ) n 
g~ x Kg is contained in Kt. For g G G(Q P ) and h G H(Q P ) we find that 

TiQ^nh-'g^Kgh = h^ihT^h'^g^Kg^ = h~ 1 (T(Q p )r\g~ 1 Kg)h = Tf)g 

as h commutes with T. So 1(g) is well defined on G(Q P )/ H(Q P ). 

Let Ik be the characteristic function of K on G(Q P ). Let ^t be the 
normalized measure on Kt- Then 1(g) — > oo if and only if 

/ l K (gtg' 1 ) dfi T — ► 0. 
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We just have to prove that for t outside a subset of K T of /iT-measure 0: 

l K {gtg- 1 ) -> 0. 

Let T re a c T(Q P ) be the set 

For i G T reg we have a homeomorphism 

n t : G(Q p )//f (Q p ) O(t) 

g >->■ s^ 1 

where O(t) denotes the orbit of t under G(Q P ). As £ is semisimple this orbit 
is closed and the map n t is proper. In this way we get that for g — > oo 
lxigtg^ 1 ) = 0. So the following lemma finishes the proof of the proposition. 
□ 

Lemma 3.20 The set of t G such that t T reg is of ^-measure 0. 
Proof. This last lemma is a consequence of [TS], 2.1.11. □ 

We can now finish the proof of the proposition 13.141 Let To 6 Tj? and 
S the GL n (Q)-conjugacy class of T . Let T 0; z be the Zariski closure of T 
in GL n ^. By lemma 13.131 we just need to prove that S fl TT> is contained 
in a finite union of GL n (Z)-conjugacy classes. By lemma 13.181 there exists 
Cq > such that for all T G S fl Tp and all prime numbers p > Cq there 
exists a p G GL n (Z p ) such that T Zp = ct p T^ v a v x . 

Let g G GL n (Q) be such that T := gT g- 1 G T F n E . By theorem EH 

\K™ p /K TjP \ = iK^/UQ^ng-'K.gl 

is bounded when T varies in £ H Tp. Using the proposition I3.19[ we see 
that for all prime numbers p < Co there exists a finite subset W p of 

GL n , Zp \GL n (Q p )/Z GLn (T )(Q p ) 

such that the image of g in GL n) z p \GL n (Q p )/ZGL„(7o)(Q p ) is contained in 
W p . 
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We therefore just need to prove that the set of tori T = gT$g~ l G E nT F 
such that the image g p in W p is fixed for all p < Cq is contained in a finite 
union of GL n (Z)-conjugacy class. 

If this set is not empty, there exists T\ G £q H Tp such that for all primes 
p and all T in this set there exists a p G GL n (Z p ) such that T% p = a v T\% v a~ x . 
By the results of Gille and Moret-Bailly ([11J cor. 6.4) the set of tori under 
consideration is contained in a finite union of GL n (Z)-conjugacy classes. This 
finishes the proof of Proposition 13. 141 

Proposition 3.21 The set Tm is a finite union of T-conjugacy classes. 

This proposition finishes the proof of the theorem I3.10t Fix T%, . . . ,T S a 
system of representatives of the T-conjugacy classes in Tm- In view of the 
lemma I3.4[ any Z G Sp is a Tj special subvariety. 

Proof. Before starting the proof the proposition, we need to define the 
"type" of a torus. Let S be a finite set of finite places of Q and let A be the 
ring of iS-integers. Let A be the integral closure of A inside Q. Suppose that 
Ga is a smooth reductive model of Gq over Spec(A). 

We recall ([6], Exp. XIV, def. 1.3) that a maximal torus T of Ga is a 
torus in Ga such that for any geometric point s of Spec(A), T ¥ is a maximal 
torus of Ga,s- For any s G Spec(A) there exists a neighbourhood U of s such 
that G\u has a maximal torus ([6], exp. XIV, cor. 3.20). By enlarging S we 
may and do assume that Ga has a maximal torus. 

Let Ta be a torus in Ga- Then Zq a {Ta) is a connected reductive sub- 
group of Ga such that, for any geometric point s of Spec(A) (Zo a (Ta))s is 
a reductive subgroup of (Ga)? of maximal reductive rank ([7], Exp. XXII, 
prop. 5.10.3). Moreover Z Ga (Ta) contains a maximal torus T^ ax of Ga ([6], 
Exp. XII, prop. 7.9 (d)). By [7] (Exp. XXII prop 2.2) T™ ax is a split 
maximal torus of G-^. One can describe Zg—(Tj) using roots of (Grj, T^ ax ) 

which are trivial on f z = Z(Z G -(Ta))° (0, Exp. XXII, sec. 5.4). Note that 
Z G _(Tj) is of type (R) in the sense of ([7] Exp. XXII, def. 5.2.1). Then 
Z(3_(Tj) is determined by a subset R! of the set R = R(G^, T-^ ax ) of roots of 
(G^T™*) ([74, Exp. XXII, sec. 5.4). The possible subsets R' of R occuring 
as the roots of a subgroup of of the form Z G _(Tj) are described in ([7J, 
Exp. XXII, sec. 5.10). See prop 5.10.3, cor. 5.10.5 and prop. 5.10.6 of loc. 
cit. 

For any root data R x = R(G^T^ ax ) and R 2 = R(G^T^ ax ) there exists 
a inner automorphism of Crj transforming Ri into R2 ([7J, Exp. XXIV, lem. 
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1.5). The subsets of Ri occuring as root data for the reductive subgroups of 
type (R) are sent by on the corresponding subsets of R 2 . Hence, there exist 
at most finitely many G(v4)-conjugacy classes of subgroups of this form. If 
Ta is a ^4-torus in Ga the type of Ta is the G(A)-conjugacy class of Za-^iTj) 
(compare with ([7], exp. XXII sec. 2)) . 

We only need to prove the proposition 13.211 for a subset of T M such 
that the tori in T' M belong to a fixed GL n (Z)-conjugacy class of a torus 
T e TV 

Assume that S contains the primes p such that either Tqz p is not a torus 
or the Zariski-closure of G in GL ni z is not reductive and smooth. The Zariski 
closures Ga of G and T$ a of T in GL n> A are smooth. By enlarging S we 
may and do assume that Ga has a maximal torus. As we work in a fixed 
GL n (Z)-conjugacy class all the tori in have a smooth Zariski closure in 
GL n A- We therefore may assume that all the tori in T' M have the same type. 
Let T be the maximal torus of Z(Zq(To)), then Zg(T ) = Zg{Tq) also has 
a smooth Zariski-closure in GL n ^. 

If T e TV we write T for the maximal torus of Z{Zq(T)). Then Ta and 
T 0j a are some A-subtori of Ga locally conjugate in the fppf topology. The 
corollary 6.4 of the paper by Gille and Moret-Bailly [11] tells us that there 
are at most finitely many G(A)-conjugacy-classes of such subtori. We may 
therefore assume that for any T G the associated A-torus Ta is conjugate 
to T 0; a by an element of G(A). 

Let a G G(A) such that Ta = aTo^a -1 . Then 

Zg a ( t a) = Z Ga (T a ) = aZc^fo^a' 1 . 

Over Q we get Z G {T) = aZ G {^T^)o~ x . Let L and L be the reductive sub- 
groups of Zg(T) and Zg(T ) obtained by removing the R-compact Q-factors 
of Zq{T) and Zg(T q ) as described before the lemma [3761 Let (L,Xl) and 
(L ,Xl ) be the associated Shimura data (see !3.6p . Using lemma [3771 we may 
assume that for any T G T' M , a induces an isomorphism of Shimura data 
between (L ,X Lo ) and (L,X L ). Therefore the generic Mumford-Tate group 
MT(X L ) of X L equals aMT(X io )a _1 . As a consequence we have 

T = Z(MT(X L )) = aT a-\ 

The proposition 13.191 of Clozel shows that for all primes p G S the image 
a p of ex in G(jQlp) / Zg(Tq) (Qp) is contained in a finite union of G(Zp)-orbits. 
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We may therefore assume that for all p G S any torus T in T' M is conjugate 
to T by an element of G(Z P ). As T and T are also conjugate by an element 
of G(Z P ) for all p S the corollary 6.4 of the paper by Gille and Moret-Bailly 
[TT] tells us that T is contained in a finite union of G(Z)-orbits. As T is of 
finite index in G(Z), T is contained in a finite union of T-orbits. □ 
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